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Abstract

Thermal metamaterials based on transformation theory offer a practical design

for controlling heat flow by engineering spatial distributions of material parameters,

implementing interesting functions such as cloaking, concentrating, and rotating.

However, most existing designs are limited to serving a single target function within a

given physical domain. Here, we analytically prove the form invariance of thermoelectric

(TE) governing equations, ensuring precise controls of the thermal flux and electric

current. Then, we propose a dual‐function metamaterial that can concentrate (or cloak)

and rotate the TE field simultaneously. In addition, we introduce two practical control

methods to realize corresponding functions: one is a temperature‐switching TE rotating

concentrator cloak that can switch between cloaking and concentrating; the other is an

electrically controlled TE rotating concentrator that can handle the temperature field

precisely by adjusting external voltages. The theoretical predictions and finite‐element

simulations agree well with each other. This work provides a unified framework for

manipulating the direction and density of theTE field simultaneously and may contribute

to the study of thermal management, such as thermal rectification and thermal diodes.

K E YWORD S

transformation thermotics, thermoelectric effect, dual‐function thermal metamaterials,
thermal management

1 | INTRODUCTION

Because heat energy is ubiquitous in nature, it is particularly

important to control heat flow. Fortunately, various types of thermal

metamaterials1–3 based on the theory of transformation thermotics

are emerging to meet the increasing demands of field manipulation.

Thermal rotator4,5 and concentrator6–17 (cloak),18–22 representative

devices to control the direction and density of heat flux, travel

through the research history of metamaterials. Nonetheless, there is

no unified theoretical framework that accounts for the thermal

rotator and concentrator at the same time.

On the other hand, it is important to address the problem

that traditional metamaterials only serve single‐target applications.

Recently, multifunctional metamaterials23–28 under the thermo-

electric (TE) coupling field have been proposed, which is expected

to pave the way for new approaches. However, most of the

investigations neglect the regulating effect of the electric field itself

on the thermal field. It is well known that the Peltier effect (one of

theTE effects)29–34 can convert electrical energy into heat due to the

electron transfer of heat energy between two different materials. The

electron releases (absorbs) heat to the outside world as it moves from

a region of high (low) energy level to a region of low (high) energy
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level. Inspired by this concept, the electric field can be treated as a

tunable parameter35 to manipulate the thermal field.

In this work, we prove the form invariance of the TE

coupling and derive the transformation relationship of constitutive

parameters. Then, we establish a general framework to regulate the

direction and density of heat flux (electric current) in a given region.

Based on this framework, we design a dual‐function metamaterial

that can concentrate (or cloak) and rotate the TE field at the

same time. To further control the TE field, we first introduce a

temperature‐dependent conductivity36–45 with a step function, with

the ability to switch between a rotating concentrator and cloak. In

addition, we can not only manipulate the distribution of electric

potential but also use the external electric potential as a means of

regulating the thermal field. By adjusting the difference in external

voltage, we can precisely control the temperature in the core−shell

structure. These methods are demonstrated by finite‐element

simulation and achieve the desired effect. From an experimental

point of view, the methods can be implemented by layer structure

and shape memory alloys.46,47 This work provides a broad platform

for the manipulation of multiple physical fields and may inspire

the research of thermal management devices such as thermal

rectification48,49 and diodes.36,50

2 | TRANSFORMATION TE THEORY

In this work, we consider a steady‐state TE transport process,

satisfying

 
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
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The heat flux JQ and current JE are, respectively, generated by

Seeback and Peltier effect, that is,
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where T and μare the position‐related temperature and electrical

potential, respectively. The electric conductivity σ , thermal conduc-

tivity κ , and Seeback coefficient S(ST is the transpose of S) are

second‐order tensors. By substituting Equation (2) into Equation (1),

one has
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Equation (3) summarizes the form of the TE equation in all

coordinate systems but lacks many details. Therefore, we need to

rewrite this equation into component forms for further comparisons.

Without loss of generality, we consider an arbitrary coordinate

system, consisting of a set of contravariant basis g g g{ , , }1 2 3 , a

set of covariant basis g g g{ , , }1 2 3 , and corresponding contravariant

components x x x{ , , }1 2 3 . Based on this, the component form of

Equation (3) can be expressed as
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where indexes u l v k i v, , , , , take 1, 2, 3 and g is the determinant of the

matrix gij

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, thus resulting in g A= det ( )−1 .

Note that we here take the second‐order tensor in this form Mv
u on

the basis of gu and gv , which can be transformed intoM M g=uv
i
u iv on

the basis of gu and gv .

For the sake of explanation, we start from a known shape (the

red line in Figure 1A) of the isotherm T x x x( , , )1′ 2′ 3′ (the same as the

isopotential line μ x x x( , , )1′ 2′ 3′ ) in the Cartesian coordinates with

given parameters κ σ,v
u

v
u
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′
′, and Sv

u
′
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Assume that the isotherm shape presented in Figure 1B meets

our expectation, we then introduce a coordinate transformation,

x x x

x x x

x x

= cos ,

= sin ,

= ,

1 1′ 2′

2 1′ 2′

3 3′

(6)

where the domain equation can be described by Equation (4).

Because there is only coordinate transformation from Figure 1A to B,

the constitutive parameters in the curvilinear coordinates can be

expressed as
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where the indices u and v can be replaced by any other indices.

Substituting Equation (7) into Equation (4), the component form

of the domain equation in the curvilinear coordinates can be

rewritten as
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It is worth mentioning that these two coordinates describe the

same temperature distribution (T x x x T x x x( , , ) = ( , , )1′ 2′ 3′ 1 2 3 ), although

the isotherm shape in the curvilinear coordinates is different from

that in the Cartesian coordinates. In other words, the shape plotted in

the curvilinear coordinates is virtual, requiring us to retain the

equivalent shape in the Cartesian coordinates (Figure 1C). As we

know, two factors determining the field distributions are boundary

conditions and the governing equations. Therefore, we look for a new

set of parameters κ σ˜ , ˜v
u

v
u

˜
˜

˜
˜ , and S̃v

u
˜
˜
in the Cartesian coordinates to match

Equation (8). The dominant equation of the temperature

T x x x˜( , , )1̃ 2̃ 3̃ can be easily expressed as
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by taking g δ=i j
i j

˜̃
˜̃ and g = 1. As long as the forms of Equations (8)

and (9) are consistent and the corresponding boundary conditions are

satisfied, then the isotherm shape in the curvilinear coordinates

(Figure 1B) would be realized in the Cartesian coordinates

(Figure 1C). Due to the equivalence between xu and xũ, one

can obtain transformation relations of constitutive parameters,
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′. As

we usually discuss these tensors on the contravariant basis

of gũand g ṽ , they should be transformed by the metric of

the Cartesian coordinates, for example, κ κ δ κ= =uv
i
u iv

v
u˜˜

˜
˜ ˜˜

˜
˜ . Then, we

rewrite the transformation relation as Aκ A κ A˜ = ∕det( ),uv
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′, which can be reduced

to the matrix form,
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which guarantees the invariance of the TE coupling equation after a

coordinate transformation and guides us to design a series of thermal

metamaterials.

3 | RESULTS

3.1 | TE rotating concentrator and cloak

There are two typical aspects for manipulating heat flux (or electric

current): density and direction. For example, thermal concentrators

F IGURE 1 Schematic diagram of the coordinate transformation process in cylinder structure. (A), (D), (C), and (F) Cartesian coordinates.
(B) and (E) Curvilinear coordinates. The red lines denote isotherms. From (A), (D) to (B), (E): only coordinate transformation. From (A), (D) to (C),
(F): only constitutive parameters' transformation. The isotherm shape in (C) and (F) is the same as that in (B) and (E), indicating that the effect of
parameters' transformation is equivalent to coordinate transformation.
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can enhance the area of heat flux in a given region, and thermal

rotators can change the direction of heat flux. Here, we take these

two functions into account in a device. As shown in Figure 1D, the

space in Cartesian coordinates is artificially divided into four regions

with the same thermal conductivity κ0, electrical conductivity σ0,

Seebeck coefficient S0: Region I′1 (r R′ < 1); Region I′2 (R r R< ′ <1 2);

Region II′ (R r R< ′ <2 3); and Region III′ (r R′ > 3). Then, we perform the

following coordinate transformation for these regions,






r r

θ θ θ
r R

= ′,

= ′ + ,
(0 < ′ < )
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2

1

2 (11)
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θ θ
r R
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= ′.
( ′ > )3 (13)

Here, R2 ranges from 0 to R3, yielding three different devices:

rotating the imperfect (perfect) cloak forR R<2 1(R = 02 ); the rotator for

R R=2 1; and the rotating concentrator for R R R< <1 2 3. By

such transformation, we can compress and rotate the temperature

(or voltage) distribution of Regions I′1 and I′2 without disturbing the

physical fields of the background (Region III′). Figure 1E shows that the

isotherm a b c d e f′ − ′ − ′ − ′ − ′ − ′ (or isopotential line) changes into

the shape of curve a b c d e f− − − − − after a coordinate transfor-

mation. The Jacobian transformation matrix of Equations (11)–(13) can

be calculated by




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∂ ∕∂ ′ ∂ ∕ ( ′∂ ′)
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Substituting Equation (14) into Equation (10), we can obtain the

spatial distribution of material parameters (Figure 1F),
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The transformation matrix is presented as follows:
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(17)

To confirm the designed TE rotating concentrator and cloak,

finite‐element simulations with the commercial software COMSOL

Multiphysics are performed. In COMSOL, we use two templates: heat

transfer in solids and electric current. Without loss of generality, we

consider a core−shell structure embedded in a finite background with

uniform gradient physical fields (T0 and μ0). These external fields are

generated by setting the left and right boundary at constant TL (μL) and

TR (μR), respectively. Figure 2 shows the simulation results of rotating

metamaterials. It is clear that the density of heat flux (or electric current)

is enhanced, and the direction of heat flux is rotated by a certain angle

for panels Figure 2A1,B1. On the contrary, Figure 2A3,C3 shows that

theTE rotating imperfect cloak can reduce (rotate) the density (direction)

of heat flux and electric current without disturbing background physical

fields. For comparison, we also simulate the TE rotator (Figure 2A2,B2)

by setting R2 to R1. To see the angle of rotation more clearly, we plot the

polar diagram (Figure 2A4,B4) of temperature and voltage in different

boundaries (BDs), where the arrows represent the direction of heat flux

or electric current.

3.2 | Temperature‐switching TE rotating
concentrator cloak

The above discussion is based on linear materials, for which thermal

conductivity is independent of temperature. However, nonlinearity

phenomena are common, and their underlying mechanisms are

significant for understanding and designing complex systems.

Generally, the thermal conductivities of natural materials are basically

dependent on temperature (nonlinear), which provides a hint for

function switching at different temperatures. Inspired by this

concept, we introduce temperature into geometrical transformation

relations,

R
R

α T T
=

1 + Exp[ ( − )]
,

c
2

3
(18)

where Tc is a critical point and α is a scaling coefficient for ensuring the

step change around Tc. By combining Equations (15) and (18), we can

obtain temperature‐dependent thermal and electric conductivities.

Without changing the external voltage (μL and μR), the TE rotating

cloak (Figure 3A1,B1) and concentrator (Figure 3A2,B2) are, respec-

tively, realized when T T> c and T T< c. This device switches between

the two functions as the temperature jumps near the critical value.

Similarly, polar diagrams in Figure 3A3,B3 show that this device can

rotate the heat flow and electric current by a predetermined angle.

3.3 | Electrically controlled TE rotating
concentrator

In addition, the external voltage is another manipulating method for

temperature distribution. We first solve the temperature field before

transformation by introducing a generalized auxiliary potential

U μ ST= + ,33 and then, Equation (3) reduces to


   



σ U

κ T σ U U

= 0,

= .

2

2
(19)
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F IGURE 3 Simulative results of the TE rotating cloak concentrator under different external temperatures (TLand TR). (A1) (A2), respectively,
present the temperature fields of this device at high and low temperatures. (B1) (B2), respectively, present the voltage fields of this device
at high and low temperatures. (A3) (B3), respectively, illustrate the temperature and voltage distribution along the corresponding boundary. The
black arrows represent the directions of heat flux and electric current. Parameters: (A1)–(A3) T = 373L K and T = 333R K; (B1)–(B3) T = 313L K
and T = 273R K; and (A1)–(C3) R = 21 cm, R = 43 cm, R R α T T α T= ∕[1 + exp( ( − ))], = 5, = 323c c2 3 K, μ = 0.1L V, μ = 0R V, background size

∘θ κ σ12 × 12 cm , = 60 , = 100 W m K , = 10 S m ,2
0 0

−1 −1
0

4 −1 S = 3 × 10 V K0
−4 −1, and κ κ κ σ σ σ S S˜ , ˜ , ˜ , ˜ , ˜ , ˜ , ˜ , ˜

1 2 3 1 2 3 1 2, and S̃3can be determined by
Equations (15) and (18).

F IGURE 2 Simulative results of the (A1) (B1) rotating cloak, (A2) (B2) rotator, and (A3) (B3) rotating concentrator. (A4) and (B4), respectively,
denote the temperature and voltage distribution along the corresponding boundary (BD). The black arrows represent the directions of heat flux
and electric current. Parameters: (A1), (B1) R = 3.82 cm; (A2), (B2) R = 22 cm; (A3), (B3) R = 0.22 cm; and (A1)–(B3) R = 21 cm, R = 43 cm, T = 323L K,
T = 283R K, μ = 0.1L V, μ = 0R V, background size ∘θ κ σ12 × 12 cm , = 60 , = 100W m K , = 10 S m2

0 0
−1 −1

0
4 −1 S, = 3 × 10 V K0

−4 −1, and
κ κ κ σ σ σ S S˜ , ˜ , ˜ , ˜ , ˜ , ˜ , ˜ , ˜

1 2 3 1 2 3 1 2, and S̃3 can be calculated by Equation (15).
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The first equation is the Laplace equation with respect to U,

which can be easily calculated from

U
U U

L
x

U U

S T T μ μ

L
x

S T T μ μ

=
−

′ +
+

2
,

=
( − ) + −

′ +
( + ) + +

2
.

R L R L

R L R L R L R L
(20)

F IGURE 4 (A1), (B1), (C1) Temperature fields of the TE rotating concentrator under different external voltages (μL and μR). (A2), (B2), (C2)
present the temperature distribution along the corresponding boundary. The continuous lines are predicted by Equation (23), while the scatters
denote simulated results. Parameters: (A1), (A2) μ = 0.1L V; (B1), (B2) μ = 1L V; (C1), (C2) μ = 3L V; (A1)–(C2) R = 21 cm, R = 3.82 cm, R = 43 cm,
T = 373L K, T = 273R K, μ = 0R V, background size ∘θ κ σ12 × 12 cm , = 60 , = 100 W m K , = 10 S m ,2

0 0
−1 −1

0
4 −1 S = 3 × 10 V K0

−4 −1, and
κ κ κ σ σ σ S S˜ , ˜ , ˜ , ˜ , ˜ , ˜ , ˜ , ˜

1 2 3 1 2 3 1 2, and S̃3 can be calculated by Equation (15).

The latter is a Poisson equation, which has the particular

solution,

T
σU

κ

L T T T T x

L

σ S T T μ μ L x

κL

=
−

2
=

( + ) + 2( − ) ′

2

+
[ ( − ) + − ] ( − 4 ′ )

8
,

L R R L

L R L R

2

2 2 2

2

(21)
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where the first term is generated by external heat sources and the

other term is generated by the TE effect. So far, we have derived

the temperature distribution before the coordinate transformation.

Then, we substitute the transformation relation (equivalent to

Equations 11 and 13),












x
R θ θ y

R
r R

y
R θ x θ y

R

x x r R

y y

′ =
[cos( ) + sin( ) ]

, ( ′ < )

′ =
[−sin( ) + cos( ) ]

,

,
′ = , ( ′ > )

′ = ,

2 0 0

1
2

2 0 0

1

3

(22)

into Equation (21), and the temperature distributions of the core and

background can be written as






































T

L T T T T
R θ x θ y

R

L

σ S T T μ μ

L
R θ x θ y

R

κL

T
L T T T T x

L

σ S T T μ μ L x

κL

=

( + ) + 2( − )
[cos( ) + sin( ) ]

2

+

[ ( − ) + − ]

− 4
[cos( ) + sin( ) ]

8
,

=
( + ) + 2( − )

2

+
[ ( − ) + − ] ( − 4 )

8
.

L R R L

L R L R

L R R L

L R L R

1

2 0 0

1

2

2 2 0 0

1

2

2

3

2 2 2

2

(23)

Clearly, the correlation between temperature and the external

electric voltage leads to an approach to regulate the thermal field

further. To demonstrate the effect of the external electric voltage, we

keep the external thermal field (TL and TR) constant. When the

difference in external voltage is low, the TE effect can be ignored, so

the temperature distribution is regulated only by the transformation

theory (Figure 4A1). When the difference increases, the TE effect

increases gradually, heating all regions (Figure 4B1). When the

difference is relatively high, the TE effect dominates, even leading to

a maximum temperature higher than that of external sources

(Figure 4C1). The temperature field excited by the TE effect is a

quadratic function, so the core region (x = 0) is heated up the most.

In addition, this effect can be preserved in the process of coordinate

transformation, that is, concentration and rotation. To further

validate the calculation, we compare the simulated temperature

distribution along different boundaries with theoretical predictions

(Figure 4A2–C2). Obviously, the simulated curves coincide well with

the prediction (scatter points) of Equation (23).

4 | DISCUSSION AND CONCLUSION

In this work, we investigate the TE field by two methods: coordinate

transformation and solving the TE coupling equation directly. Both

methods yield analytical solutions for physical fields, which guarantees

the consistency of the simulation results (Figures 2–4) and theoretical

predictions. Nevertheless, these metamaterials based on the

transformation theory usually require extreme constitutive parameters,

such as anisotropy, inhomogeneity, or even singularity, thus limiting the

practical applications. Fortunately, the effective medium theory can

provide the possibility of complicated parameters. For example, we can

design the spatial distribution of two natural materials to achieve the

desired spatial distribution of anisotropic thermal conductivity. In

addition, the temperature‐switching TE rotating concentrator cloak

requires thermal (electric) conductivity varying with temperature as a

step function, which can be solved by shape memory alloys.46,47 As the

alloy's temperature changes, the bimetallic strip is driven up and down,

yielding decreased and increased thermal (electric) conductivity.

Although this study focuses on steady‐state TE transport, it could be

extended to transient cases by considering the effects of density and

heat capacity.

In summary, we prove the invariance of the TE coupling equation

under coordinate transformation, deriving the transformation relations

of constitutive parameters. Using this relationship, we design the TE

rotating concentrator and cloak. The former can enhance the density

of heat flux (electric current) and rotate its direction simultaneously,

while the latter can realize the opposite function. To further

manipulate theTE field, we introduce an additional degree of freedom,

temperature, into the design of the metamaterial. Utilizing the

temperature‐dependent thermal (electric) conductivity, we realize the

temperature‐switching TE rotating concentrator cloak, which can

switch between functions near the critical temperature. In addition,

the TE effect of external voltage is significant for temperature control.

Therefore, we calculate the general solution of temperature and design

an electrically controlled TE rotating concentrator. These schemes are

simulated in COMSOL Multiphysics, demonstrating the validity of our

theoretical predictions. Our results can be extended to a transient case

and may have potential applications for thermal management.
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